INTRODUCTION
Around 2,500 million people work part-time or full-time in 500 million small farms around the world. However, although the land is occupied by these producers, it only represents 12% of all agricultural land covering more than 80% of the worldwide food demand [01] . The contribution by family farmers and small farmers to the millennium goal related to food security, poverty reduction and sustainable development recognized by the General Assembly of the United Nations. For this reason, the need to count with new methodologies that enable greater effi ciency and competitiveness in the supply chain of small agricultural producers looms up. Agricultural supply chains are a subject of great interest, where an effort in the coordination of the actors, activities and resources is required in order to meet the requirements of thecustomers [02] , in this sense [03] affi rm that in order to improve the customer satisfaction and reduce the cost, the cooperative relationship between the companies must be built, especially in perishables supply chain. However, due to the conditions in which these chains operate, different problems come into view. Among the most important issueslie demand forecasting, inventory management and transport [04] . There are other factors such as margins of intermediation, infrastructure and geographical conditions that can have serious repercussions in terms of post-harvest losses, which affect the economy of the members of the chain. Literature related to the performance of fruit supply chains confi rms that inventory management is a topic of increasing interest because of the restriction that the perishable condition of the product implies. Considering this constraint, it is important to determine the inventory's frequency of revision so that the product's deterioration cycle is lower than the revision cycle, with the purpose of avoiding product losses caused by an inadequate inventory policy. This policy must also consider the optimal quantity of orders and the time products should be ordered to prevent costs due to "understock" or "overstocking" [05, 06, 07] . In this sense [08] developed a multi-echelon inventory model for a deteriorating item from an integrated perspective and determine the optimal delivery quantities for each echelon. On the other hand, authors such as [09] have shown the benefi ts of integration in the supply chain thanks to the sharing of information, which enables coordinated decisionmaking therein. In this regard, [10] defi ne four supply chain archetypes described as the traditional supply chain, shared-information supply chain, supplier supply chain (managed by the supplier) and synchronized supply. The latter represents a scenario where information is transmitted in real time among the members of the chain, such as their levels of inventory, product in transit and sales, achieving the best management amongst the archetypes presented. In this case, the structure of the chain is centralized and its performance signifi cantly improved thanks to information sharing. Nevertheless, not all chains are centralized, so it is necessary to create collaboration mechanisms in decentralized chains to achieve some level of integration. Authors such [11] have defi ned integration as a necessary strategy for getting into new markets. In this respect [12] validate the importance of information in decisionmaking in the chain by putting forward a classifi ca tion of integration mechanisms in decentralized chains where they include information technologies, shared information, joint decision making and contract models. This paper aims to approach the management of inventories in the framework of an agricultural supply chain through a mathematical model that considers the deterioration of the product over time and demonstrates the advantages of integrating of its echelons. The characteristics of the chain under study are presented, then the mathematical model used to determine the inventory policy is described, subsequently the results are laid out and a sensitivity analysis is carried out by varying some parameters. Finally,conclusions, recommendations and opportunities for new studies are developed.
PROBLEM STATEMENT
As described above, the study of agricultural supply chains is of great interest mainly due to coordination problems in the chain that affect, among other aspects, the fi nancial results that refl ect in the form of low incomefor the case of small farmers. There are some determining factors for the appropriate performance of the chain set forth by [13] , such as the variability of demand and prices; the availability of workers; the yield of the crop; labor costs and those associated with the recollection of products; the use of means of transportation that balance out the time it takes to reach the market and the cost; post-harvest management of crops; the degree of maturity of the product; the maximum time for delivery; the availability of products; transportation time and delivery costs. Other authors such as [14] , assure that the handling of perishable products and their life cycle are the most differentiating factors of this type of chain. On the other hand, authors how [15] , present fruits and vegetables as products that have features of freshness, perishability [16] , timeliness, logistics performance [17] . This makes agrifood supply chains constantly-varying complex systems that involve several echelons such as suppliers, distributors, marketers, wholesalers and retailers, among others, which makes it behave as a multidisciplinary system that attempts to satisfy the demands of the fi nal customer through effective coordination of information fl ows, products and fi nancial resources [18] . A problem of great interest, identifi ed in the literature related to the performance of agricultural supply chains, especially fruit chains, is the management of inventories along the chain, due to the restriction involved in the product's lifecycle. Due to the aforementioned reasons, inventory management becomes a critical issue when dealing with perishable products such as fruits, which require compliance with strict quality requisites. These demands cannot be satisfi ed only with the desire of small producers to do it, it is also necessary to synchronize from suppliers' supply times, to producers and intermediaries, and from intermediaries to retailers, in order to achieve an adequate estimation of amounts, consumption times in each echelon and eventually the best performance in the chain. The model presented below seeks to represent the behavior of these relationships in a decentralized fruit supply chain, assuming a scenario where information is shared for decision making regarding the inventory along the chain.
MATERIALS AND METHODS

Development of mathematical model
a. Interaction between supply chain echelons under study
The chain under study consists of three echelons, namely: a single supplier, a producer and a retailer, as shown in Figure 1 . The supplier is responsible for starting the fl ow of the product to the other echelons, below. The next member of the chain is the producer, who has a warehouse for raw materials and another warehouse to store the fi nished product. Finally, facing the consumer is the retail echelon, in charge of directly satisfying his demand; the former is also the one that initiates the fl ow of information, sharing the expected demand with the other actors in the supply chain. The interaction in the supply chain begins at the time the retailer makes an order that attempts to satisfy the demand during a planning period T. This information about the demand is shared with the other echelons and sent to the next supply chain actor (the producer) through an order. The latter must satisfy this order by means of deliveries, at fi xed intervals of time, placed in retailer warehouse. Upon receipt of the order, the producer initiates a value-adding process on the raw material in order to generate the fi nishedproduct for the agrifood supply chain under study. As shown in Figure 1 , there is an inversely proportional relationship between the inventories held by the producer, since the raw material inventory is reduced over time when the value-adding process starts, while that of fi nished product increases. Since the production rate is higher than the demand's, the producer accumulates the inventory of fi nished product for deliveries carried out in a period after the time of production. In this case, it is assumed that the accumulated inventory is enough to meet the number of remaining deliveries taking into consideration the amount of product that suffers deterioration.
To start off his productive process, the producer requires raw material, which is provided by the supplier. This echelon must perform the supplying of inputs from an external supplier (not considered in this case study), with the objective of maintaining good quality raw material for the producer. The supplier is responsible for providing the raw material required by the producer for itsprocessing. This is achieved by delivering equal quantities at fi xed time intervals.
b. Assumptions
• Mathematical inventory model for a single perishable product in an integrated supply chain.
• The aim is to determine the optimal number of deliveries and lot sizes that minimize the total cost of the supply chain.
• Demand and constant production over time.
• The demand rate is lower than the production rate.
• The planning period is known.
• The Lead Time is zero, shortage is not allowed.
• One item is only considered.
• The parameters that represents the deterioration rates are constant and deterministic.
• An order is satisfi ed through multiple deliveries.
• The supplier delivers the same amount of raw material to the producer. 
d. Retailer: Finished product inventory model
According to [19] , the inventory level of fi nished goods at time t' can be expressed as follows:
(1)
Solving (1) in its extreme points by the integrating factor method:
And by multiplying on both sides of the equation (1) by
The right part of equation (2) can be expressed as the derivative of a product as follows:
The result obtained by integrating both sides of the equation and solving the respective integrals can be written as:
Multiplying on both sides of (3) by and simplifying: Applying the boundary condition I B (t) in (4) to obtain the (4) integration constant's value, results in: Using the constant's value in the expression (4) and simplifying: Therefore, by setting the boundary condition I B (0) in (5) it (5) Cristhian Guillermo Acosta Imbachi et al. -Design of an inventory management system in an agricultural supply chain considering the deterioration of the product: the case of small citrus producers in a developing country is possible to obtain the initial order quantity. In this way, I B (0)=q B and the resulting expression is: To obtain the expression forinventory amount of standby (6) fi nished products, the equation (6) must be integrated between 0 and t, as follows: The total cost of offered goods can be expressed as the (7) sum of the cost of the order, the cost of reception, the cost of maintenance and the cost of deterioration. Therefore, the total cost of the goods offered to the retailer during a planning period T, can be expressed as: Using the following approach: (8) Proposed by [8] and substituting in the retailer total cost equation, the following is obtained: e. Producer's warehouse: Raw material inventory
The raw material inventory level of the producer's warehouse at time t'can be expressed as follows: At the extreme points of equation (9), the inventory will (10) be expressed by the following equations: Integrating the expressions (11) and (12) from 0 to t and (11) (12) from 0 to t 3 respectively, in the same way as shown in the retailer's model, the inventory quantities of standby raw material at time t and t'are obtained as:
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ing the deterioration of the product: the case of small citrus producers in a developing country (13) (14) Therefore, according to [8] , the producer's total cost for raw material warehousing per cycle T could be represented as the sum of the maintenance cost, the receiving cost and deterioration cost, as follows:
f. Inventory level of fi nished products by the producer
When the retailer orders a quantity of fi nished product from the producer in period T, the producer begins the production and delivery at time t. In the fi rst period, the producer achieves a production of fi nished product equal to in period t. The producer's inventory level of fi nished product in the fi rst period can be represented as follows:
Solving equation (16), analogous to the differential equation that represents retailer's model bearing the integrating factor method, the inventory level for the extreme points will be:
Thus, the inventory level of fi nished products for the nth delivery after the fi rst one is obtained, according to [8] with the following differential equation:
The inventory of fi nished product before the i-delivery is . Solving the equation (18) by as initial condition,it is possible to determine the inventory level for the i-th delivery, like this:
According to [8] , from the previous expression (19) the lot size from the non-production period can be determined as: (20) In accordance with the model of [8] , as soon as the producer reaches the amount of fi nished product that the retailer needs per order cycle time T, production is stopped. The production time is defi ned in (n p t+t 3 ). However, the producer continues to deliver a constant quantity of merchandise, until the entire amount of production of fi nished products has been delivered to the retailer. This occurs at time T; when the level the producer'sinventory of fi nished product is equal to zero. In [19] argue that the fi nal inventory after time t considering a constant rate of deterioration, can be expressed as: At time (n p t+t 3 ), producer stops production. The inventory (21) amount of fi nished goods is Q non/product ;after time (t-t 3 ) , the inventory becomes Q np1 and in compliance with the expression of [19] , the outcome will be as follows:
The fi nal quantity of inventory of fi nished products for (22) time (n p +1) can be derived as:
The inventory amount of fi nished product from the pro-
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ducer for the nth time is equal to the lot size per delivery. From (23), the lot size of fi nished products can be obtained during the non-production period at t=t 3 as: With Q non/product (1) and Q non/product (2) , the values of n p y t 3
( 24) can be determined. To fi nd the corresponding values for n p , the algorithm proposed by [8] needs be followed, which consists on assuming Q non/product(1) , Q non/product (2) . Thus, the equation is equal to zero and t' is replaced by t. Subsequently, for each value of n, every np value is obtainedalong with the parameters needed for the equation's solution such as the production rate of the producer, the rate of deterioration and the lot size of fi nished products per delivery from the producer to the retailer. To estimate t 3 , a similar procedure is performed, where t' is replaced by t'. Then, Q non/product (1) and Q non/product(2 are equated. In this way, it is possible to fi nd every for its corresponding value.In [8] an algorithm it is presentedto fi nd the value of time and , however, in this document we propose an alternative procedure to determine the value of by matching the expressions and which correspond to the quantity of inventory at the end of the production period and the quantity of inventory at beginning the period of depletion once production has stopped, respectively. The resulting equation is expressed as a function F [t 3 ] throughwhich we obtain the value of that makes the function equal to zero, this point is defi ned as the point of intersection with the X axis, which corresponds to value for a number of n defi ned deliveries.
ThroughWolfram Mathematica, this analysis is validated by making the graph of the mathematical expression, the value obtained with this method is observed to correspond to the value obtained algebraically. In fi gure 2an arbitrary interval of (-0.003; 0.003) is obtained for the parameters associated with a number of deliveries n = 100, a value of t 3 = 0.0145134 corresponding to the point of intersection with the X axis.
Figure 2: Graphic method for t 3 calculation
Note. Source: Author' own elaboration
The deterioration of the fi nished products' quality during cycle T is the sum of deteriorated fi nished products quantity from period 1 to n and is written as follows:
The deterioration cost and the maintenance cost of the fi nished products per order cycle time T can be obtained in the following way:
Producer's total fi nished goods cost for planning period T could be represented as the sum of the setup cost, the delivering cost, the cost of maintenance and the deterioration cost, as follows: 
g. Supplier Inventory Model
Considering that the supplier's opening inventory is designated as, [19] denote the amount of raw materials per delivery from the supplier to the producers' warehouse, as well as the last quantity provided by the supplier, as follows:
Should (28) y (29)de integrated from 0 tot, the fi nal inventory of raw materials can be obtained, as:
The same applies for:
In this manner, the quantity of the supplier's order for raw material thatsatisfi es the demand of the producers' warehouse from time 0 to t is also defi ned as:
Eventually, supplier's total cost according to [19] , could be represented as the sum of the maintenance cost, setup cost, delivery cost and deterioration cost:
Finally, the global cost of the integrated inventory model could be represented as the sum of the supplier, producer and retailer's individual costs, as follows:
As presented in equation (34), the Total Cost is the objective function that must be minimized and it is obtained through the sum of costs assumed per each echelon in the supply chain. In order to fi nd the minimum Total Cost, a number of iterations must be executed, varying the number of deliveries n. In each iteration the order quantity and total quantities between echelons are derived. Then, the values of the Total Cost from the different iterations are analyzed and the number of deliveries n that minimizes the objective function TC is defi ned. 
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RESULTS AND DISCUSSION a) Delivery amounts among echelons
The mathematical model proposed in this work was solved through Matlab using the parameters defi ned in table 2. The results obtained in Matlab were exported to Microsoft Excel in order to display them in a clearer and more practical way. As a summary, table 3 shows the delivery quantities that each echelon is supposed to carry along the chain. It can be clearly seen that increasing delivery quantities, lowers the amount of product that deteriorates along the chain. By increasing the frequency of delivery in the planning time T, there will be a smaller time interval between deliveries. Therefore, the deterioration rate has low consequences for the short time that the product lingers before reaching the consumer.
b) Optimal independent costs and integrated supply chain optimal cost
In Table 4 it is possible to determine the lowest overall cost or optimum total cost of the citrus supply chain under study.It is also possible to establish what the optimal cost for each independent echelon is and the delivery conditions for each specifi c situation. The lowest total cost for the chain is US$ 1.210 a month. This is achieved when the number of deliveries in the planning period (one month) is equal to 5. Analyzing the optimal independent costs, the supplier must make 8 deliveries during time T, in this case the total cost of the chain becomes 8% more expensive than Note.Source: Author' own elaboration. From the producer's perspective, only three deliveries should be made, generating a greater total cost along the chain compared with the global optimum. In this scenario Note. Source: Author's own elaboration the total cost of the chain is 6% more expensive than the integrated supply chain. The reason why the number of optimal deliveries for the producer is so low is due to cost of delivering, since the product must be transported to the customer's warehouse (retailer), located in a city 90 km away. The cost of making each delivery is US$ 61.4. That is why it is more benefi cial for the producer to store raw materials and fi nished products and assume maintenance and deterioration costs. The aforementioned impacts on the increase of the other echelons' costs. Finally, from the retailer's approach, deliveries must be made every 3 days.In other words, to achieve the optimum cost of the retail echelon, 9 deliveries must be made in the planning period of one month; in this case, the total cost of the chain would be 13% greater than the solution obtained through the mathematical model. According with results shown in table 4 it is possible obtain the value for n that minimize the total cost on the studied supply chain. Results are presented in Figure 3 as a graphic that shows different values for n, as well as the n where the minimum TC is obtained. Taking into account the results presented above and considering the defi ned planning horizon (one month), it is possible to formulate the inventory control policy for each echelon belonging to the supply chain, thus responding to the three fundamental questions: Frequency of revision, moment of ordering and quantity to order. According to [20] in the case of perishable goods, since they have a limited lifetime, in order to be able to complying with the shelf life time, the length time in the supply chain should not exceed the lifetime value, as each unit of time that is exceeded in the supply chain represent deterioration in the products condition. In this sense the inventory level revisionshould be defi ned as continuous in each echelon.
Retailer Inventory Management Policy: Review the inventory level continuously; order an amount equal to 750 units of 1 kg of selected lemon when the inventory level in the warehouse reaches zero. Producer Inventory Management Policy: Check the inventory level continuously; order an amount equal to 1261 kilograms of virgin lemon, when the inventory of raw material in the warehouse reaches zero. Supplier inventory management policy:Review the inventory level continuously; when the level of inventory of virgin lemon in the warehouse reaches zero, the supplier must harvest an amount equal to 1302 kilograms of virgin lemon during the fi rst 3 deliveries. Nonetheless, in the last delivery only 122 kilograms of virgin lemon need be sent to the producer.
Costing of the current supply chain
In order to determine the costs of the current citrus supply chain, the deliveries made in a planning period are defi ned with the information provided by the echelons through the surveys carried out. Delivery schedule can be seen in table 5excluding Sundays; 14 deliveries are made per month. This will be the input used to determine the cost of the current chain.
When the current number of deliveries is reckoned, the cost per each component of the relevant total cost can be computed with the purpose of costing the supply chain in its current conditions, as presented in table 6 . Subsequently, the comparison with the results of the costs obtained through the proposed model is shown. Once the optimal cost of the inventory control system has been attained through the model formulated, and after defi ning each of the operational costs related to the management of inventory in the supply chain in its current conditions. It is possible to make a comparison between both scenarios; in the fi rst scenario (model implemented) total cost is the objective function minimizedand it is the sum of costs assumed per each echelon in the supply chain. Take in account that to fi nd the minimum Total Cost, a number of iterations must be executed, varying the number of deliveries n. Then, the values of the Total Cost from the different iterations are analyzed and the number of deliveries n that minimizes the objective function TC is defi ned. A summary for the current situation and the proposed situation results are presented in table 7. The total monthly cost related to inventory management in the current supply chain is US$1.862, while in the proposed model the optimal cost is US$1.210 a month. A 35% reduction is achieved with the specifi cations of policies, asproposed by the mathematical model developed herein.
It is important to highlight the realization that comes to light with this model regarding the dominance held by the retailer over the other actors. Currently, the frequency of deliveries is defi ned by him and the other echelons must adapt to his orders without issuing any judgment. From the retailer's point of view, the model suggests to increase the frequency of receptions up to reaching nine deliveries a month, the highest frequency suggested in the optimal local analysis. The high frequency suggested for the retailer by the model, validates the chain's current operation, where a large number of deliveries is required by the retailer.
Effect of variations in deteriorating rate on optimal result
In order to understand deterioration rate impact in the Supply chain, a sensitivity analysis is shown in Table 8 . Just one of the rates is modifi ed at the same time remain the rest constant. Original rate value for each MAX scenario is increased arbitrarily by 75% and each rate for each MIN scenario is reduced by the same percentage. In general, despite huge deterioration rate variation, the total cost and local costs of each echelon do not vary more than 3%. In addition,deterioration rate has a greater impact on the producer echelon, while in the opposite extreme, the less impact is in the supplier, reaching around 0.5% of variation in the total cost. In general, despite huge deterioration rate variation, the total cost and local costs of each echelon do not vary more than 3%. In addition,deterioration rate has a greater impact on the producer echelon, while in the opposite extreme, the less impact is in the supplier, reaching around 0.5% of variation in the total cost.
Model limitations
In order to adjust the proposed model to the more real situation it would be interested to consider agricultural producer cultivate different product. In that sense this model has some limitations because does not consider several fruits but just lemon as a single product in supply chain. In addition, the capacity of the lemon truck transporting is not included in the analysis. Finally model only takes in account one single member per echelon when in this kind of supply chain frequently has a several players in each of them.
CONCLUSIONS AND OPPORTUNITIES FOR FUTURE RESEARCH
Effi ciently managing a supply chain involves its overall optimization. Since supply chains operate under different conditions due to their nature, it is necessary to implement an adequate inventory control system bearingthe integration of each of its echelons as its fundamental principle in order to maximize the total value generated by it. An integrated supply chain should seek real-time information sharing by its members with the aim of generating such synergy, so that the highest possible performance is achieved. The pertinence of the three-level supply chain proposed in this work, namely stated as supplier, producer and retailer, was validated. Data on the costs related to the management of inventories in each echelon were obtained, which became an important input for the proposed study. Finally, it is evident that there are large price fl uctuations of citrus and high-rising supply costs in the chain under study. In times of oversupply, when the prices fall signifi cantly, the need to minimize logistics costs along the chain is met through an integrating model approach. This research has shown that an optimal supply chain works perfectly from an integration approach and not from a particular point of view. The mathematical model used allowed to defi ne the optimal quantity for orders, the moment of ordering and the frequency with which the inventory of the citrus chain under study in the rural area of Tulua-Andalucia, Valle del Cauca, Colombia, must be revised.
The integration of the supply chain through the exchange of information, as posed by the synchronized supply chain archetype where information on demand and the inventory level is shared, enables the adequate functioning of the chain's overall performance, allowing the producer to fi thisyield to the information provided by the next echelon in the supply chain, thus reducing logistics costs.
With the goal of validating and proving the mathematical model with the data collected from the supply chain under study, and determining ordering optimal quantity and time, and inventory review frequency, the total current chain cost per month was determined (taking into account that one hectare is suffi cient to satisfy the demand along the supply chain under study), as the sum of the cost incurred by each echelon from an individualistic approach. To that end, the current delivery schedule, the reception, delivery, maintenance, loading, unloading and the ordering cost were taken into consideration. The current total cost was compared with the optimal cost obtained through the mathematical model and under an integration approach, wherein the total cost of inventory management in the citrus chain under study was found to have reduced around 35%. This paper can be the basis for future research considering some additional conditions in which the citrus supply chain currently operates. It is relevant to study this model bearing in mind a bigger supplier basis and bigger number of retailers. Furthermore, this model does not consider the transport lemon truck capacity and therefore it is highly recommended to raise this restriction for the model to resemble reality even more. It is also proposed to study the rate of deterioration by analyzing the problem from the chemical and biological standpoints of the product in different scenarios in order to determine this percentage more accurately and obtain more reliable results through this mathematical model.
